. The .flow induc~d in an incompressible dusty gas by an infinite fiat plate oscillating in its own plane 18 stud1ed. The d1fferential equation describing this problem is given' its form exhibits the relaxation from a f!ozen-di~usion pro~ess (corresponding to a clean gas) to an e~uilibrium-diffusion process (correspondmg to a smgle heav1er gas). The gas velocity profile, shear stress on the plate and the particle velocity profile are obtained exactly and are discussed in terms of the parameters of the problem. The essential feature is the inhibition of viscous diffusion in the gas by the particle-gas velocity relaxation. Mechanical energy dissipation is discussed.
1. INTRODUCTION T HE classical problem of an infinite oscillating plate was first considered by Stokes! in his paper on the effects of viscosity on the motion of pendulums. In the present paper, the corresponding problem is solved where the fluid is an incompressible viscous dusty gas. Here, the questions that naturally arise are the structure of the viscous diffusion layer, the fluid velocity, the shear stress at the plate due to particle-fluid-momentum interaction, and the particle "slip" relative to the fluid.
The viscous-diffusion layer thickness is expected to be decreased by the presence of the particle cloud .. Part of the momentum generated by the plate motions that would otherwise diffuse into the interior of the mixture is now absorbed by the particle cloud. This then confines the periodic momentum produced at the wall to a region closer to the wall than in the absence of the particles. Since the particle cloud does not, in general, follow the fluid motion precisely, it is then expected that the phase lag of the fluid layers with respect to the plate is augmented by the presence of the particle cloud. Of course, the distortion of the fluid velocity profile due to particle inertia is expected to give rise to a relatively higher instantaneous shear stress at the plate.
In Sec. 2 the appropriate differential equation is given. In Sec. 3, the solutions for the velocity profiles of both phases are obtained and the shear stress on the plate is also discussed. In Sec. 4 some discussion of the mechanical energy losses is presented.
THE RELAXING DIFFUSION EQUATION
The general conservation equations for the flow * of a gas containing small solid particles are discussed and given by Marble.
2 The form of the conservation equations in the case when the gas may be considered incompressible is given by Saffman.
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In the present problem, we make the assumption that the gas can be taken as incompressible. We assume the particles are spherical and are uniform in size. Following the above authors, the Stokes' form of the interaction force is assumed. The gas and particles are bounded by a flat plate, infinite in extent, at the y = 0 plane as shown in Fig. 1 . We consider the motions of the plate to be in its own plane so that there is no displacement of gas in the y direction due to plate motion. There is no expansion of the gas due to viscous dissipative heating under the incompressible assumption. In this case, the velocities of both the gas and the particle cloud in the y direction are zero (v = Vp = 0). Furthermore, since the plate extends to infinity in the ±x directions, there are no changes in the x direction of any property. The streamlines of the gas now coincide with that of the particle cloud and are parallel to the plate. In this situation, the density of the particle cloud p" is then a fixed distribution along the y direction, but one which where I( = pp/ p, the particle to gas density ratio, is constant. v = Jl-/ p is the kinematic viscosity of a clean gas. The particle relaxation time is T and is m/67rJl-rp , according to the Stokes' form of the interaction force between the two phases, where r" is the particle radius and m is the mass of a single particle. The governing differential equations, (2.1) and (2.2), are rendered linear by the geometry of the problem and by the assumption that conditions when the gas can be considered incompressible are satisfied. Differentiating (2.1) with respect to t once and using (2.2), we obtain the following "relaxing diffusion equation" for u (or for up) 4:
Here, ii = 4 (p + pp) is the kinematic viscosity based on the density of the mixture and has the physical significance of being the "equilibrium diffusivity." On the other hand, v, being the kinematic viscosity of a clean gas, is the "frozen diffusivity." Both the gas and particle-cloud vorticity, -auf ay and -au,,/ay, respectively, obey (2.3) as well.
The parameter indicating the extent of particlegas equilibration is the characteristic time of the plate motion W -1 (w the frequency) divided by the particle velocity equilibration time T. It is then physically clear that there are two limiting regimes. When l/(wT) ---+ 0, which is the frozen regime, the high-frequency viscous layer is so thin that it sees a negligible amount of particle cloud and hence renders the viscous diffusion process to be essentially that of a clean gas. In this situation, the first or the frozen-diffusion operator in (2.3) plays the dominant role. In the opposite limiting case, when l/(wT) ---+ OJ, which is the equilibrium regime, the low-frequency viscous layer renders the gas and particle cloud to be in identical motion together so that the second or equilibrium-diffusion operator in (2.3) plays the dominant role. In both limiting cases, (2.3) reduces from third to second order. This singular behavior, a usual situation characterizing nonequilibrium flows, is associated with the fact that in both cases the rate equation (2.2) becomes superfluous. The transition between the two diffusion processes for intermediary values of l/(wT) is then appropriately described by the full equation (2.3).
PROPERTIES OF SOLUTION

Gas Velocity Profile
Let us now consider the problem of an infinite flat plate oscillating parallel to its own plane with frequency wand amplitude u o . We restrict our attention to the y > 0 plane. Our interest is in the induced motions of the two phases of the mixture. They are a result of the transmission of momentum produced at the plate into the interior of the mixture through the diffusive action of gas viscosity and the interaction between the gas and the particle cloud.
The boundary conditions for the gas velocity described in (2.3) are u(O, t) = Uo cos wt = Rl(uoe,wt), and u ---+ ° as y ---+ OJ. For periodic oscillations, u(y, t) is proportional to Rl(e iwt ) and the solution is given by the form u(y, t) = Rl (uoe-aVeiw,) . 
The complex quantity a may be written as
where X 2 and Y 2 are real. The solution of (3.4) is then obtained by the elementary means of equating real and imaginary parts of the same complex number, (3.5) Hence, The solution for the gas velocity profile is then U = uoe-x,u cos (wt -Y2Y) ' (3.8) As in the classical problem of Stokes,l this result represents a transverse wave, one which propagates into the interior of the particle-gas mixture from the plate in a direction perpendicular to the plate motion. The wave velocity in this case is w/Y 2 , and the wavelength is 2·II/Y 2 • The solution also exhibits the boundary-layer property, that is, the motion induced by the plate becomes insignificant when X 2 Y reaches some value. X;l is the e-folding distance, which is of the order of the boundary-layer thickness 0,
When the particle-gas density ratio K vanishes, both X 2 and Y 2 become (w/2v)j and the classical Stokes solution is recovered,
with the boundary-layer thickness 0'"'"' (2v/w)i.
Although the exact solution, given by (3.7) and (3.8), is in a form convenient for numerical calculation for any value of the equilibration parameter 1/(wr), it is instructive to study the near limiting cases. When 1/(wr) » 1, which corresponds to the near-equilibrium regime, one can expand X 2 and Y 2 as follows:
In this case, it is found that the gas velocity profile can be written in the form Here, Tj = y(w/2v)1 is the similarity variable corresponding to the equilibrium kinematic viscosity v; ~ is the oscillatory variable and is (wt -Tj). The zeroth-order function is simply the equilibrium Stokes solution when the particle cloud and gas are moving together as a single heavier gas of density
It is noticed that (1 + K)U:.!K is a universal function of Tj for the amplitude [and of ~ = (wt -Tj) for the periodic part] and is independent of K. This dependence is somewhat similar to the first-order function for the near-equilibrium limit in the nonlinear, steady, laminar boundary-layer problem discussed by Marble.
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The boundary-layer thickness approaches the equilibrium value in the manner 0'"'" ' (2v/w) One notices here that the zeroth-order function for the near-frozen regime is identical to the clean-gas solution obtained by setting K identically to zero. In this case, even though the particle cloud remains frozen and the relative lag with respect to the gas motion is largest, the high-frequency, thin, viscous layer hardly notices the presence of the particle cloud. Thus, in the absence of effective interaction in this situation, the zeroth-order frozen limit behaves as if in the absence of the particle cloud. This situation is similar to, for instance, the region close to the leading edge of a steady laminar boundary layer on a fiat plate. 
Shear Stress at the Wall
The frictional force exerted by the gas on a unit area of the plate surface is The appropriate momentum equation (2.2) expresses the fact that the particle cloud is locally accelerated by the gas motion. The velocity profile of the particle cloud then takes the form (3.25) where if; = tan-1 (wr). It is noted that the multiplicative amplitude factor cos if; and the particle lag if; are the same for all layers of y. This is what is physically expected, since the particles are non- interacting and respond only to the momentum exchange with the gas along each stream line. It is of interest to consider the particle-gas "slip" velocity, which is
The phase lag angle if; varies from !7r when 1/ (WT )~O to zero when 1/ (WT) ~ co.
In the near-equilibrium regime, the approximation for the slip velocity when 1/(WT) » 1 may be written in the form (3.27) where the first-order equilibrium slip function is given by (3.28)
Recalling that we previously defined ii y(w/2p)~ and ~ = (wt -ii), corresponding to the equilibrium kinematic viscosity p. Here, g" is a universal function of (ii, ~) and is independent of K. We note here that the local acceleration of the zeroth-order equilibrium flow is given by wuoe-
Hence we recover from the exact solution the useful concept that the first-order slip velocity is proportional to the local acceleration of the zeroth-order flow in the near-equilibrium approximation. This is not surprising, since the particle of mass m is subjected to an inertia force of order muow and this must be balanced by the force exerted on the particle by the gas of the order mU./T, where u. is the slip velocity. Hence, u./Uo~(WT). Thus, when 1/(wT)>>I, the slip velocity is small compared to the amplitude of plate motion. It is interesting to note that this feature, which is recovered from expansions of the exact solution, essentially substantiates the approximation used by Marble 2 for the steady laminar boundary layer in the near-equilibrium limit. according to the clean gas or frozen kinematic viscosity II. The particle oscillations lag behind the fluid by !7r in the first approximation. The amplitude of particle motion is simply proportional to l/(wT), and the particle cloud is nearly standing still in this regime.
Both the particle velocity amplitude factor cos f and the phase lag angle f are shown in Fig. 5 .
MECHANICAL ENERGY DISSIPATION
Since the plate motion does a certain amount of work on the mixture as a whole (directly on the gas, indirectly on the particle cloud), part of this goes into increasing the overall kinetic energy of the mixture while the remainder is converted into heat through dissipation. There are two dissipative mechanisms here. They are the usual gas viscous dissipation and the work done due to particle-gas interaction. This may be simply demonstrated in the following.
Let us consider the overall kinetic energy of the mixture contained in a volume of height Y ~ co and of unit area of plate surface The rate of increase of E kin can be written with the help of the momentum equations (2.1) and (2.2), which gives
The first term on the right of (4.2) is the work done on the gas by the plate motion. The second term gives the rate at which the gas kinetic energy is dissipated through the gas viscosity, and the third term is the rate at which both the particle and gas kinetic energies are dissipated through particle-gas momentum interaction.
